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Abstract:

The primary focus of this study is to explore a nonlinear differential equation with one-parameter nonlocal
condition. Our analysis establishes rigorous proofs for both the existence and uniqueness of the solutions.
Furthermore, we investigate the solution's stability by examining its continuous dependence on the initial data and
the parameter. A numerical example is presented with MATLAB tools to validate the theoretical findings and to
demonstrate the relationship between the unique solution and governing parameter and initial data.
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1. Introduction

Nonlinear differential equations are considered one of the significant topics in mathematical
analysis and scientific applications, due to their ability to describe many natural, engineering,
and physical phenomena that cannot be adequately represented by simple linear models. The
importance of these equations increases when they are associated with nonlocal conditions,
since such conditions do not depend only on the value of the solution at a single point, but
rather on the behavior of the solution at more than one point or over a certain interval. This
makes the mathematical model more suitable for describing problems in which the current state
is affected by previous or later values, or by global relations within the considered domain.
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Nonlocal problems have received considerable attention in recent studies because of their
connection with various applications, such as control theory, population dynamics, heat
transfer, and dynamical systems influenced by internal and external factors. Moreover, the
presence of a parameter in the nonlocal condition adds an important analytical aspect, as it
allows the investigation of the effect of this parameter on the behavior, stability, and sensitivity
of the solution with respect to the initial data.

This study focuses on a nonlinear differential problem equipped with a one-parameter nonlocal
condition. The main objective is to prove the existence of at least one solution and then to
determine sufficient conditions that guarantee the uniqueness of this solution. The study also
investigates the continuous dependence of the solution on both the initial data and the
parameter, which is an essential property in the analysis of stability. This means that small
changes in the given data do not lead to large or irregular changes in the solution.

To achieve these objectives, the study relies on tools from functional analysis and fixed point
theory, particularly Schauder’s Fixed Point Theorem for proving existence, in addition to the
Lipschitz condition for establishing uniqueness. The differential problem is also transformed
into an equivalent integral equation, which makes it possible to apply appropriate analytical
methods.

In order to support the theoretical findings, a numerical example is presented using MATLAB.
The numerical tools are used to illustrate the behavior of the solution and to show the extent to
which it is affected by changes in the initial data and the governing parameter. Thus, the study
combines both theoretical and numerical approaches, which gives the research a dual scientific
value. It does not only prove the mathematical results in an abstract form, but also verifies these
results numerically and presents them visually through numerical curves.

Here we focus primarily on the following problem
dx

pri o(t,x(t)), ae t
€ (0,1] (D
Subject to the nonlocal condition
x(0) + ax(t) = xy,7T
€ (0,1]. 2)
The parameter « is a positive real number.
In [7], the authors studied the equation (1) with nonlocal condition
ax(t) + By(y) = x0,7T€[0,T),y
€ (0,T]. 3)

Where the parameters @ > 0 and 8 > 0 satisfied the condition a + 8 # 0 to prove that there
exists solutions to the nonlocal problem (1)-(3).
The objective of this paper is to investigate the existence of at least one solution x € AC [0,1]
to the problem (1)-(2). Furthermore, we establish the uniqueness of the solution and
demonstrate its continuous dependence on the initial data x, and the parameter « . Finally, we
present a numerical example to demonstrate the solution's sensitivity and its continuous
dependence on both initial data and governing parameter.

1. Main Results
Consider the nonlocal problem (1)-(2) under the following hypotheses:

i) The function @:[0,1] X R —» R is assumed to be Lebesgue measurable with respect to

t for every x € R and continuous with respect to x € R for every t € [0,1].
i1) The function @ satisfies the following linear growth condition
|®(t,x)| < u(t) + alx|, where u € L'[0,1] and a is a positive constant
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iii) fol u(é)dé < K, where k is a constant.

iv) 1+ a) # a(l + 2a).

2.1 Integral equation representation

Now we have the following lemma:
Lemma 1.
If the solution of the nonlocal problem (1)-(2) exists, then it can expressed by the following
integral equation

x(t)
1 T
=1+ a [xo— afo‘p(f,x(f))dfl

+ f ®(&,x(8))d¢ . (4)
0

Proof. Integrating equation (1), we get

x(t)
= x(0)

+ f ®(&,x(8))dé. ()
0

Put t = 7 in equation (5), then multiply it by the parameter, we obtain
ax (1)
=a x(0)

vaf ‘o6 x(©)de ©
Substitute (6) into (2), we get
X0 —x(0) = ax(0) + aforcp(f,x(f))df,
which implies to

x(0) =

alxo - aJO (D(f,x(f))dfl.

Therefore, one can obtain the equation (4).

1.2 Existence of solutions
Theorem 1. Suppose that the hypotheses (i) - (iv) hold. Then, the existence of at least one
solution x € AC[0,1] to the nonlocal problem (1)-(2) is guaranteed.
Proof. Let (2,.be non-empty closed convex subset defined by:
N, = {x € R:||x|| < r} c C[0,1]. The constant r is a positive real number
. o] + (1 + 2a) ||l

1+a)—a(l+2a)

Define the operator H on C[0,1] with ||x|| = sup,e[o,17x(t)| by:

1+ « [xo - a JO ‘P(f,x(f))dfl + Jofb(f,x(f))df.

In order to confirm the existence of solutions, we seek to locate a fixed point for the operator H,
that is, Hx = x.

Hx(t) =
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Let x € 02,

1+ «a

1

<
1+ «a
1 T t
<7 a[|xo|+ « f (1 #(®I +alxl) d€l+f0(l U@+ a lxdg
1

<
1+

|Hx(0)| =‘ [xo— « f ¢(f,x(f>)df]+ f ¢(€.x(€))d§|

ot + @ [ ot x|+ [ oxo)as
0 0

ol + @ [Cau@rvatnac |+ [ auei+ alwnas

< 15 g W%l + aliull +alixlDT+ Clull+ allxIl)

< [Ixo] + Ca + D(lull + allxlD] < 7

1+ «a
Consequently, the collection of {Hx} is shown to be uniformly bounded over 2,- and H: 2,, —

0,.
In order to verify the equicontinuous property of the operator H on the subset(2,. Let
x€N,and0 < t; <t, <1,thenforeverye > 0 thereexistsad > 0suchthatif|t, —¢t; | <
0, then

|Hx(t2) — Hx(t)|

1 T
= ‘1+ a [xo_ “L¢(f:x(f))dfl

+ [ (e x)as
’ t
1 T 1
_ <1+ - Ixo - a Jo Cb(f,x(f))dfl + Jo fp(f,x(f))df ) ‘

t, ty
< J 0(6,x(@©)|de < | @) +alxl) d¢

< k+alx||t, —t;| <e.
Consequently, the equicontinuity of {Hx} is established on £2,.
Applying the Arzela- Ascoli's Theorem [8], we deduce that H: 2, — (2, is compact.
To ensure the operator H fulfills the continuity on £2,,, assume that {x,} € £, be a convergent

sequence such that x,, = x, then

s o @ [otex@nac |+ [ofc o)

Take the limits for both sides as 7 — oo, we get

lim Ha,(¢) = lim <1+ - [xo— a fo d)(f,xn(f))dfl + Jofl’(f,xn(f))ds‘ )

MN—>00
The hypotheses (i)-(iii) allow for the utilization of the Lebesgue dominated convergence
theorem [8] to interchange the limit and the integral. Then we can write that

lim &(£,x,(8)) = @ (& lim xn(f)) with x,, - x.
71— 00 M—>00
Which implies

Hx,(t) =
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Jim @(8,2,(9) = @(£,x(©),

and

lim Hx,, (t) =
41— 00

s o o [[elex@a |+ [ o6 x@as =nx

Hence Hx is continuous, which means that H is continuous operator on (2,..

Therefore, the operator H has a fixed point on 2,(according to Schauder's Theorem [10]).
Then, the integral equation (4) has at least one solution x € C[0,1].

We need to show that the integral equation (4) satisfies the nonlocal problem (1)-(2).
Differentiate the equation (4) with respect to t, we get

d d 1 t t d [t
L= e e o [etex@as |+ [ otexoas) = & [ olex@as
0 0 0

dt dt\1+ «
Since @ is a measurable function in t € [0,1] and bounded by an integrable function u(t), then
@ € L1[0,1] and
dx
i CD(t,x(t)) a.e. t € (0,1].
Put t = 7 in equation (4), then multiply it by a, we get
a x(1)
a

~ g o o [o(era |

+af ®(&,x(8))dé. (7)
0

Put t = 0 in equation (4), we get

1
x(0) = 1+ «a [xo

-« | q>(f,x<e>)df]. ®
0

By adding equations (7) and (8), we obtain x(0) + ax(t) = x,. Therefore, there exists an
equivalence between the integral equation (4) and the nonlocal problem (1)-(2). Hence there
exists at least one solution x € AC[0,1] to the nonlocal problem (1)-(2).
2.3. Uniqueness of the solution
To prove the uniqueness of the solution, we will consider the nonlocal problem (1)-(2) under
the following hypotheses:
v) The function @:[0,1] X R — R is assumed to be Lebesgue measurable with respect to
t for every x € R.
vi) There exists a positive constant L such that the function @ satisfies the Lipschitz
inequality
|(t,%) — d(t, )] < Llx — y|.
vi)@(t,0) = u(t).
Vviii) 1+20)L< (1 +a)
Theorem 2. Suppose that the hypotheses (v)-(viii) hold. Then, the uniqueness of the solution
to the nonlocal problem (1)-(2) is established.
Proof.
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In the light of the hypothesis (vi), the following expression is obtained.
|o(t,x)| — |®@(t,0)] < |@(t,x) — P(t,0)| < alx|.
Which implies that
|@(t,x)| < |[@(t,0)| + alx| < u(t) +alx|.
Consequently, the validity of the hypothesis (i) is confirmed. Therefore, due the theorem 1,
the existence of at least one solution x € AC[0,1] to the nonlocal problem (1)-(2) is guaranteed.
Let x4, x, € AC[0,1] be two solutions of the nonlocal problem (1)-(2). Then

%1 (8) — x2(8)]

1
1+ a

Xo— @ f ¢(E,x1(€))dfl
0
+ f (&, %,(5))dé
0

1 4 t
- <1+ p, [xo— a f ¢>(€,xz<f>)d€]+ j ¢(axz<f))ds)‘

< f |0(&,%,(8)) — D(&,2,(5)) | de
t
; f |0(8,2,(5) — @ (&, %,(8)) | de.
0
a

() - 1@ < L f 11 (€) — x,(©)| dé + L f 101(8) — x,(8)] dé.
0 0

1+ «a
a

L fo 121 (8) — %2 ()| dE +1 jo 121 (€) — x2(8)] dE.

By passing to the supermum norm, we obtain

X1 —X S(
e — 2l < (77—

(1 1+2aL>” 1<0
1+a X1m %l =

Since the condition (1 4+ 2a)L < (1 + @) holds true, then ||x; — x,|| = 0. This leads to the
conclusion that x; = x,.

|%1(t) = (O] <

+1) Ll — x|

Which immediately yields that the integral equation (4) possesses one and only one
solution x € AC[0,1]. Therefore, the nonlocal problem (1)-(2) admits a unique solution.
Corollary 1. By setting a = 0 in Theorem 1, the initial value problem
dx
i o(t,x(1)), tel01],
x(0) = xo,

is shown to possess at least one solution x € AC[0,1], which is given by the expression

x(t) = xo + J @(f,x(f))df.
0

2.4. Continuous dependence of the solution
Now, we will prove Continuous dependence of the solution on the initial data x, and parameter
a.

2.4.1. Continuous dependence of the solution on the initial data
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Definition 1. We say that the solution of the nonlocal problem (1)-(2) depends continuously
on x, if for all € > 0,38 > 0such that|x, — x,*| < 9§, then||lx — x*|| < &, when x™is the
unique solution of the nonlocal problem (1)-(2).

Theorem 3. Suppose that the hypotheses of theorem 2 are satisfied, then the solution to the
nonlocal problem (1)-(2) exhibits continuous dependence on Xx.

Proof. Let x,x™ be the solutions of the nonlocal problem (1)-(2). Assume that for all & >
0 there exists § > 0 such that if |x, — x,*| < &. Then

1 T
x() = x' @) = ‘1+ - [xo— « | @(f,x(a)df]

+ f (&,%())de

1 i t
(3 o= o [oter@a |+ [otex@a )|

J— 1 *
B ‘1+ a(xo_x(’)
a T
“1r af [@(¢,x(8)) — @ (&, x7(5))]dé
0
t
+ f [@(&,x(8)) — @(&,x7(8))]dé ‘
0
o — %ol
1+ «a

i f [@(5x(©) = 2(&,x"(©)]dg

t
+ [ (e x©) - o6 x©)]as
0

< 2 * [ c@lde +1 [ @)l d
e Rl LG GIE ST NEOREOIES
) a 1 1

e e il LLGR G NEGEENGIE
) 1+ 2a 1 .
< ot (Tt [ r@-r @l
By passing to the supermum norm, we obtain
ol < ) 1+ 2a L i
b =x ”_(1+ a)+(1+a) b =7l
Therefore, if (1 + 2a)L < (1 + a), we get
é

— x| < <e.
e =xl < Ty —aTar = ¢

2.4.2. Continuous dependence of the solution on the parameter
Definition 2. We say that the solution of the nonlocal problem (1)-(2) depends continuously
on « if for all € > 0,36 > 0such that |a — a”| < 6, then ||x — x*|| < &, when x*is the
unique solution of the nonlocal problem (1)-(2).
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Theorem 4. Suppose that the hypotheses of theorem 2 are satisfied, then the solution to the
nonlocal problem (1)-(2) exhibits continuous dependence on «.

Proof. Let x,x* be the solutions of the nonlocal problem (1)-(2). Assume that for alle > 0,
there exist § > 0 such that|la — a*| < 6. Then

1 T
() — 2 (©)] = ‘1+ . lxo— « f d>(f,x(€))df]
0
+ f (&, x(5))dé
1 T t
—( *[xo— « f ¢(E,x*(f))d€l+ j CD(E,X*(E))ds‘)‘
0

1+ «a
B a*—a
_(1+a)(1+a) C1+a

+r 06X (©)df o <P(fx*(<§”))d€

f (£, x(8))de

+

e f ol ©)ic + [ o6 x0) o(e O |

la* — al
T A+ 0@+ av)

+ fo |<15(§,x(€)) —o(&,x"(9)|d¢

la™ —
T aT a:)(1+ )

5
SO+ o0t a)

T 6 T
el R GRERGIE R e S NG R ROL

| %]

j |6 (€, x°(©))|dé + j (&€, x(8) — B (&,x°(©))|de

rL f () — x* ()] dé
0

o)
<
T 1+ 0@+ av)

bt [ WO - @1+ o | WO +alDas

|20

YL f () — x* ()] dé
0

< o) | |+<1+2a
=0+ o+ a) X0

(k+ar).

+
A+ o)(1+ a%)
Since x* € 2,.,|x*| <rand k = fol/x(f)df. Take M = k + ar € R.

By passing to the supermum norm, we obtain

1+ 2a
(ol + M)+

1+«

llx — x*|| <

1+ 1+ a) )L e =l
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8(lxo| + M)

1+ o)1+ a*) (1 -
Therefore, if (1 + 2a)L < (1 + ), we get
6(|lxol + M
lx —x*|| < (ol ) <e
A+ a)Q+a—-(1+2a)L)

llx — x*|| <

Trat)

2. Numerical Example.
Consider the following problem

dx t 1
i o(t,x(t) = ot le(t)l ,
0<t<1 9
Subject to the nonlocal condition:
x(0) + % x(1) =
5 (10)
Here =% ,T=1 and x, = 5.
To show existence of solutions to the problem (9)-(10).
We have
t 1 1
|o(t, x(®)] = ‘1 =t le(t)l <t ' le(t)l
Due to continuity of the function u(t) = 1+tt2 on [0,1], we get u € L*[0,1] with

1 _ 1 ¢ _ l _
Jou®dé = [, vz d§ =-In2 = k.
Leta = iwhich is a positive constant. The operator H is well-defined since (1 + a) = % * 0.
Also,
1

(1+a)=§;ta(1+2a)=E

|x0|+(1+2a) || ull
(1+a)—-a(1+2a)

means that any ball with radius r > 5.7 is invariant under the operator H.

Let the subset 02, = {x:||x|| <r}c C[0,1] withr = = 5.69~5.7, which

According to theorem 1 there exists at least one solution x € AC[0,1] to the problem (9)-(10).
To show uniqueness of the solution to the problem (9)-(10).
We need to verify the Lipschitz inequality as follows

|@(t,x) —@(t, )| < illxl —Iyl| < %lx — y/|, with Lipschitz constant L = i and
t

D(8,0) = 1 = (o).
Substituting the values of @ and L into the inequality (1 + 2a)L < (1 + a), we obtain% < ;

Therefore, due the theorem 2, the nonlocal problem (9)-(10) has exactly one solution x €
AC[0,1].

To show continuous dependences of the solution on x,, we will use bvp4c to solve boundary
value problems in MATLAB, with two different values of x, and the parameter « = 0.5 in
both two cases. Then we will use the same tool in MATLAB to show continuous dependences
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of the solution on the parameter a with two different values of a and keep the same initial data
X in both two cases as following.

Numerical Solution of the nonlocal problem Numerical Solution of the nonlocal problem

4.2 26
‘ x(t) - Numerical Solution ‘ x(t) - Numerical Solution|
251
241
38
231
Sa =
c c
i=] )
;% 3 § 2.1
Al
32
19}
18}
28 ' : : ‘ 1.7 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Timet e [0,1], a =0.5 Timet e [0,1], a=0.5
Figurel. Comparison curves of the solution for x, = 5 and for x, = 3 with the parameter
a =0.5.

The figure 1 illustrates the comparison between two solution curves at two different values of

the initial date x, while the parameter @ remains constant ¢ = 0.5, we observe that the system

exhibits a clear response when the initial value is increased from x, = 3 to x, = 5; the entire

solution curve rises upwards. This rise reflects the system's flexibility in resetting the initial
. . . .. 1

value x(0) from (1.71 to 2.93 respectively) to satisfy the given condition x(0) + > x(1) =

Xo , which reflecting the continuous sensitivity of the unique solution toward the initial data x.

Numerical Solution of the nonlocal problem, Numerical Solution of the nonlocal problem,

586
X(t) - Numerical Solution | ‘
54

X(t) - Numerical Solution ‘

b o
o o o
T T

b
o

Solution x(t)
Solution x(t)

~
N
T

he
[N

&
)
S e

07

w
o

0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 08 1
Timetec[0,1], =3 Timet € [0,1], a=0.2

Figure2. Comparison curves of the solution for ¢ = 3 and @ = 0.2 with x, = 5.

The figure 2 illustrates the effect of the parameter a on the solution's behavior when the initial
data x, = 5 remains constant. We observe that at a = 0.2, the solution curve starts from a
higher point, x(0) = 3.92 . While conversely, as a increases; @ = 3, the entire curve shifts
downwards, and the solution begins at a lower initial value x(0) = 0.8. We can say that, the
parameter a determines the extent to which the ending value x(1) affects the initial value x(0).
When a = 0.2, the effect of the nonlocal condition on the integral equation (4) is minimal, as
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the effect of the nonlocal term x(1) is very small (ﬁ ~ 0.16) on the initial value x(0).

However, when a = 3, the ending value x(1) exerts a significant influence on the initial value
x(0) (ﬁ = 0.75). Therefore, to satisfy the nonlocal condition x(0) + a x(1) = 5, the only

mathematical possibility is that the entire curve of x(t) shifts downwards. This confirms the
continuous sensitivity of the unique solution toward the parameter .

3. Conclusions
The study concluded that the nonlinear differential problem with a one-parameter nonlocal
condition possesses at least one solution when the appropriate assumptions related to
measurability, continuity, and the linear growth condition of the nonlinear function are
satisfied.
The results also showed that transforming the original differential problem into an equivalent
integral equation is a fundamental step in the analysis, as it allows the use of fixed point
theorems to prove the existence of a solution and facilitates the study of its mathematical
properties.
The research proved that Schauder’s Fixed Point Theorem provides a suitable framework for
establishing the existence of the solution, after verifying that the defined operator on the
appropriate function space is continuous and compact, and maps a closed convex subset into
itself.
Furthermore, the study demonstrated that the Lipschitz condition, together with suitable
restrictions on the constants and the parameter, is sufficient to guarantee the uniqueness of the
solution. This means that the studied problem admits one and only one solution under the
specified assumptions.
The research also proved that the solution depends continuously on the initial data. In other
words, any small change in the initial data leads to a limited and regular change in the solution,
which reflects the analytical stability of the problem.
In addition, the study established that the solution depends continuously on the parameter
appearing in the nonlocal condition. This indicates that changes in the parameter do not cause
sudden disturbances in the behavior of the solution, but rather affect it in a regular and traceable
manner.
The numerical results obtained using MATLAB supported the theoretical findings. The graphs
and numerical curves showed that the solution responds to variations in the initial data and the
parameter in a manner consistent with the results of existence, uniqueness, and continuous
dependence.
Accordingly, the study highlights the importance of combining theoretical analysis with
numerical simulation in the investigation of nonlocal differential problems, especially in cases
where explicit or direct solutions are difficult to obtain.

4. Recommendations
The study recommends extending the analysis to nonlinear differential equations of higher
order or fractional differential equations equipped with nonlocal conditions, due to the
importance of such models in representing more complex phenomena.
It is also recommended to study nonlocal problems involving more than one parameter, in order
to analyze the effect of multiple parameters on the existence, uniqueness, and stability of
solutions.
Future studies may also apply other numerical methods, such as the finite difference method,
the finite element method, or iterative analytical methods, and compare their results with those
obtained by MATLAB in the present study.
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It is further recommended to investigate the numerical stability of solutions in greater depth by
testing different values of the parameter and the initial data, and analyzing the sensitivity of the
solution to these variations.

Moreover, future research may focus on applying the mathematical model to real problems in
physics, engineering, or biological sciences, in order to emphasize the practical value of
nonlocal differential equations.
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