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Abstract:

Graph vertex coloring assigns labels to vertices so that adjacent vertices receive different
labels; its optimization objective is to minimize the number of labels. This manuscript develops
a mathematically grounded review of the problem, its algorithmic families, and its applications
in timetabling, frequency assignment, register allocation, and resource scheduling. It defines
the principal graph parameters and proves elementary bounds, corrects the hypotheses and
interpretation of Brooks’ theorem, and distinguishes the decision problem from the
optimization problem. It describes fixed-order greedy and Welsh—Powell procedures,
DSATUR, exact integer programming and branch-and-bound approaches, tabu search, and
evolutionary methods. Complexity statements are qualified by data structure and
implementation assumptions. The source manuscript reported numerical comparisons for
graphs described as having 500 vertices and density 0.5, alongside broader runtime and
optimality claims, but supplied no graph files, random seeds, code, hardware description, trial-
level outcomes, or certified optimum/lower bounds. Those numbers therefore cannot be
independently validated and are not retained as empirical findings. Instead, the paper provides
a complete evaluation protocol using public benchmark provenance, independent runs,
coloring validation, bound-aware gaps, and transparent reporting. The verified contribution is
a coherent theoretical synthesis and a reproducible design for future empirical comparison; it
does not establish that any one heuristic is universally superior.

Keywords: graph coloring; chromatic number; DSATUR; greedy algorithms; integer
programming; tabu search; reproducibility; scheduling.
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1. Introduction

Graph theory represents pairwise relationships with vertices and edges. A graph-coloring
model is useful when a collection of entities must be assigned to categories while pairwise
conflicts prohibit simultaneous use of the same category. For vertex coloring, the entities are
vertices, conflicts are edges, and colors are resource labels. The model is simple, but the
optimization problem can be computationally difficult: finding the minimum number of colors
is NP-hard for general graphs, while deciding whether a graph has a proper coloring with a
fixed number k of colors is NP-complete for each fixed k > 3 [6], [7].

The classical map-coloring question supplied an early motivation for coloring theory. The Four
Color Theorem states that every planar graph can be colored with at most four colors; it is a
structural theorem about planar graphs, not a general algorithm for arbitrary conflict networks
[1], [2]. Modern applications extend well beyond maps. In examination timetabling, vertices
can represent examinations and edges indicate shared students; in register allocation, vertices
represent live ranges and edges indicate interference; in frequency assignment, vertices
represent transmitters and edges encode incompatibility constraints. In each setting, an
acceptable model depends on whether the chosen graph captures all relevant constraints. [9],
[10], [12]

The research problem addressed here is twofold. First, introductory accounts often combine
elementary mathematical guarantees, algorithm descriptions, and performance claims without
clarifying which statements are theorems and which depend on an implementation or dataset.
Second, empirical comparisons are difficult to reproduce when graphs, seeds, stopping rules,
software versions, and raw outcomes are absent. A technically correct discussion should make
both distinctions explicit.

The objectives are to (i) establish consistent notation and validate central bounds and theorem
statements; (ii) compare constructive heuristics, exact optimization, and metaheuristics by
mechanism and evidence requirements; (iii) explain application modeling and algorithmic
trade-offs; and (iv) specify a benchmark protocol that would support a defensible future
performance study. The guiding questions are: Which mathematical bounds can be certified
without computation? What does each algorithm guarantee, and what does it merely attempt?
What evidence is required before one may claim that an algorithm is faster or yields better
colorings?
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The contribution is a corrected, source-grounded synthesis rather than a new benchmark
experiment. The original manuscript’s authorship and topic are retained. Its unsupported
numerical table and performance conclusions are treated as unverified draft material, not as
evidence. A small hand-worked example is included solely to demonstrate calculations; it is
explicitly not an experiment. Section 2 reviews foundations and applications, Section 3
presents bounds and theorems, Section 4 describes algorithms, Section 5 sets out an
experimental protocol, Section 6 audits the source results and provides only verifiable
analytical demonstrations, Section 7 discusses applications and trade-offs, Section 8§ states
limitations and future work, and Section 9 concludes.

2. Literature Review and Mathematical Foundations

2.1 Graph model and notation

Unless stated otherwise, let G = (V,E) be a finite, simple, undirected graph with nonempty
vertex set V and edge set E consisting of unordered pairs of distinct vertices. Write n = |V| and
m = |E|. The open neighborhood of v is N(v) = {u € V : {u,v} € E}; the degree is d(v)=[N(v)|;
and the maximum degree is A(G)=max d(v). A clique is a set of pairwise adjacent vertices, and
o(Q) is the largest clique size. An independent set is a set with no internal edges; a(G) is the
largest independent-set size.

A proper k-coloring is a function c:V—{1,... k} satisfying c(u)#c(v) for every edge {u,v}€E.
Color labels have no intrinsic meaning: relabeling colors leaves the partition into color classes
unchanged. Every color class is an independent set. The chromatic number y(G) is the
minimum number of colors in any proper coloring. These definitions concern vertex coloring.
Edge coloring assigns colors to edges so that incident edges differ, and has a different chromatic
parameter x'(G); the two problems must not be conflated.

x(G) =min { k € N : G has a proper k-coloring } (1)

Two elementary lower bounds follow immediately. Each clique requires distinct colors, so

o(G)<x(G). Since each color class has at most a(G) vertices, n<y(G)a(G), giving

x(G)>[n/a(G)]. The latter may be weak when o(G) is unknown or difficult to compute, but it is
valid for every finite graph.

max{o(QG), [n/a(G)]} <x(G) < A(G)+1 (2)

Equation (2) combines general lower and upper bounds; it need not be tight.

{ Graph G = (V, E) W { A proper vertex coloring] Color class 1

(independent set)

° ! O {vi, ve}
i Color class 2 ‘
° e (independent set)

i © {v2,vs}
P Color class 3
roper (independent set)
vertex ° e

coloring O {v3}

' Color class 4
G (independent set)
O {va}

Figure 1. A proper vertex coloring. Each color class is an independent set, the labels are
illustrative.
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[ A proper vertex coloring ] [ A coloring with a conflict ]

Conflict:
the endpoints
of this edge
receive the same

Figure 2. A conflict occurs when the endpoints of an edge receive the same color.

The chromatic number is a property of the graph, whereas the number of colors used by a
particular heuristic is an outcome of an algorithm, ordering, parameters, and often randomness.
A reported coloring with q colors certifies y(G)<q, because a reader can check every edge. It
does not prove ¥(G)=q unless a matching lower bound or an exact optimality certificate is
established. This distinction is essential when interpreting “optimality gaps.”

2.2 Established results and their scope

The greedy bound states that y(G)<A(G)+1. Consider any vertex ordering and color vertices
sequentially with the smallest color absent from already colored neighbors. When a vertex is
processed, it has at most A(G) neighbors, so at most A(G) colors are forbidden. One of A(G)+1
colors remains. This proof establishes a universal upper bound; it does not say that every
ordering uses exactly A+1 colors, nor that greedy is close to optimal. The ordering can strongly
affect the result [11], [13].

Brooks’ theorem sharpens the degree bound for connected graphs. If a connected graph G is
neither a complete graph nor an odd cycle, then y(G)<A(G). For complete graphs K r,
(K _r)=r=A+1. For odd cycles C_{2t+1}, yx=3=A+1. In the connected A<2 cases, paths and
even cycles are 2-colorable, while odd cycles are the exception. The theorem is an upper bound;
it does not imply x(G)>A(G), and it is not a universal stopping rule for a heuristic unless the
graph meets the theorem’s hypotheses and an appropriate constructive procedure is used [3],
[4].

The Four Color Theorem says x(G)<4 for planar G. Appel and Haken’s computer-assisted
proof used reducibility and an unavoidable set of configurations; subsequent work simplified
and formalized aspects of the proof. It is incorrect to present the theorem as a general bound
for all graphs, or to suggest that a typical coloring experiment proves it [1], [2].

The decision problem k-COLOR asks whether y(G)<k. It belongs to NP because a proposed
assignment can be verified by scanning all edges in O(n+m) time. For every fixed k>3, the
problem is NP-complete; k=1 and k=2 are decidable in polynomial time, with the latter
equivalent to bipartiteness. The optimization problem of finding ¥(G) is NP-hard. A short
reduction sketch is not a complete proof unless the gadgets and both directions of the
equivalence are rigorously specified; therefore, this manuscript cites the established
complexity result rather than retaining the incomplete clause-gadget sketch from the source
[6], [7].

Inapproximability results require especially careful wording. Zuckerman established strong
hardness of approximation for chromatic number under standard complexity assumptions.
Such results have precise approximation factors, reductions, and assumptions; they should be
quoted directly from the source rather than represented by an unqualified formula. The broad
lesson is that general-purpose polynomial-time approximation with a strong guarantee is
unlikely, not that every heuristic is ineffective on every structured instance [8].

For edge -coloring, Vizing’s theorem states that every simple graph satisfies
A(G)<Y'(G)<A(G)+1. This result applies to edge coloring, not vertex coloring. It is useful as a
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contrast: the model and parameter must be identified before importing a theorem. In K4, A=3
and a 3-edge-coloring exists by partitioning its six edges into three perfect matchings, so
v'(K4)=3. The original draft’s statement “y'(K4)={3,4}” is not a numerical conclusion; the
exact value is 3. Vizing’s theorem gives the general A to A+1 bound for simple-graph edge
coloring [21].

[ Attempt with two colors ] [ Proper coloring of C; ]

Closing edge
conflict

Figure 3. Cs requires three colors: alternating two labels leaves the closing edge in conflict.

2.3 Algorithmic literature and problem families

Classical constructive methods include sequential greedy coloring, degree-ordered Welsh—
Powell coloring, and Brélaz’s DSATUR strategy. Welsh—Powell sorts vertices by
nonincreasing degree before applying a sequential coloring procedure. DSATUR chooses
vertices dynamically using the number of distinct colors already present among each uncolored
vertex’s neighbors; ties are commonly broken by degree, although tie-breaking details must be
reported. Brélaz introduced DSATUR both as a heuristic and within an exact approach [5],
[13].

Exact methods seek a proof of optimality. They include branch-and-bound procedures, integer
programming, constraint programming, and specialized algorithms exploiting graph structure.
In branch-and-bound, a feasible coloring supplies an upper bound, while cliques, relaxations,
or other valid inequalities supply lower bounds. Search branches on assignments or color-class
membership and prunes nodes that cannot improve the incumbent. Their worst-case time is
exponential, but practical performance varies greatly with structure and bounds; a single
vertex-count cutoff such as “exact methods are infeasible above 100 vertices” is not a theorem
and should not be generalized.

Local-search methods permit intermediate infeasible assignments. Tabucol, a tabu-search
approach, fixes a candidate number k and searches among assignments of vertices to k labeled
classes while minimizing the number of monochromatic edges. A move typically relocates a
conflicted vertex. A tabu list discourages cycling; aspiration criteria can allow a tabu move if
it improves the best known solution. Reaching zero conflicts proves the graph is k-colorable,
but failure to reach zero before a budget expires does not prove that k colors are insufficient
[14], [15].

Evolutionary and genetic approaches maintain a population of candidate partitions or color
assignments. Selection favors useful candidates; recombination combines parent structures;
mutation introduces variation; and local search may refine offspring. Encoding matters: fixed-
k encodings may maintain a color count but allow conflicts, while partition encodings represent
color classes directly. There is no single universal “genetic algorithm” or complexity
expression; the cost depends on representation, population size, fitness evaluation, operators,
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local refinement, and stopping rule. Hybrid methods that combine recombination with tabu
search have been studied as a distinct algorithm family [16].

Surveys of vertex-coloring algorithms emphasize that no method dominates independently of
graph class, objective, and computational budget. Benchmark results are instance-set
dependent. A high-performing algorithm on random graphs may perform differently on
scheduling graphs, sparse structured graphs, or register-interference graphs. Comparisons
should therefore describe both the algorithm and the distribution or provenance of the instances
[9], [10].

3. Mathematical Formulation, Bounds, and Proofs

3.1 Basic bounds and elementary proofs

The clique bound o(G)<y(G) follows because vertices in a clique are pairwise adjacent and
therefore must all receive distinct colors. For the independence bound, suppose a proper
coloring uses k nonempty color classes Ci,...,C_k. Each class is independent, so |Ci|<a(G). As
the classes partition V, n=%i|Ci|<ka(G); dividing and using integrality yields k>[n/a(G)].
Minimizing over all proper colorings gives the stated lower bound.

For the greedy upper bound, order vertices vi,...,va. At the moment v; is colored, the set of
already colored neighbors has size at most d(vi)<A. They can forbid no more than A distinct
colors. From a palette of A+1 colors, at least one is available. Applying this argument to every
vertex constructs a proper coloring using at most A+1 colors. The proof does not rely on a
favorable ordering.

For a cycle C,, if n is even, alternating colors 1 and 2 around the cycle is proper, and an edge
requires at least two colors; hence y(C,)=2. If n is odd, alternation with two colors fails at the
closing edge. Every cycle contains an edge so one color is insufficient; the assignment
1,2,1,2,...,1,3 gives a proper 3-coloring, hence y(C,)=3. For K,, every pair is adjacent, so all n
vertices require distinct colors and y(K,)=n.

These derivations provide elementary certificates. A lower bound and a coloring upper bound
that coincide establish an exact value. For example, K, has a clique of size n and a construction
using n colors, so the lower and upper bounds match. For many graphs, clique and degree
bounds do not coincide; algorithms can narrow the interval without proving exactness.

3.2 Brooks’ theorem: statement and interpretation

The correct connected-graph form is: if G is connected and is neither a complete graph nor an
odd cycle, then (G)<A(G). The exceptional families show that the general A+1 bound cannot
always be reduced. An equivalent contrapositive characterization says that if y(G)=A(G)+1 for
a connected graph, then G is complete or an odd cycle. Neither form gives a lower bound of A
on x(G); for example, every nontrivial bipartite graph has y=2 even when its maximum degree
is much larger than 2.

A proof of Brooks’ theorem is beyond the scope of a short algorithm comparison because its
regular cases require nontrivial structural arguments. The source draft presented a sketch with
an incomplete BFS argument and omitted the difficult regular case. This revision labels the
theorem as an established result, explains its hypotheses and consequences, and directs readers
to standard proofs [3], [4]. That treatment is more accurate than presenting an incomplete
argument as a proof.

3.3 Integer linear programming model

Let K be a valid upper bound on %(G), such as A+1 or the number of colors in a heuristic
coloring. Introduce binary x.; indicating whether vertex v uses color 1 and binary y; indicating
whether color i is used. The following assignment model minimizes the number of active
colors:
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minimize Xi-i¥ y; (3)

subject to Zi-i1® xyi =1 for every v€V 4)

Xui T Xvi L Vi for every {u,v}€E and i=1,....K (5)
Xvi <Yi for every v€V and i=1,....K (6)
Xvi,yi € {0,1} (7

The first constraint assigns exactly one color to each vertex. For an edge {u,v}, the second
constraint prevents both endpoints from using color i; it also forces yi=1 if either endpoint uses
it. The third constraint links every vertex assignment to an active color. Some formulations
omit the third constraint because edge constraints do not activate colors for isolated vertices;
that omission can invalidate the objective’s interpretation on graphs with isolated vertices. The
displayed model is valid for all finite simple graphs.

There are O(nK)) assignment variables, K usage variables, n assignment constraints, mK edge-
color constraints, and nK linking constraints. The model size is polynomial in n and K, but
solving the integer program remains NP-hard. Its linear relaxation provides a lower bound on
the integer optimum only when solved correctly; a heuristic solution to the relaxation is not
automatically a certificate. Symmetry-breaking constraints such as y>yi1 can reduce
equivalent color-label permutations without changing the optimum.

3.4 Objective functions and solution-quality measures

For a fixed-k local-search method, define the conflict count F(c)=X {{u,v}€E} 1[c(u)=c(Vv)].
A valid k-coloring exists exactly when a search finds an assignment with F(c)=0. During
search, F is a surrogate objective; it is not the chromatic number. A convenient move-cost
update can examine only edges incident to a recolored vertex, but its complexity depends on
degree and data structures.

F(c) =X _{{u,vi€E} Q[c(u)=c(V)] ®)

If an optimal value *(G) is known, an absolute additive gap is q—¢*(G), and a relative gap
may be defined as 100(q—y*)/y*. If only a certified lower bound L<y*<U is known, the reported
coloring q establishes g>y*, while the interval-based relative certificate can be reported against
L as 100(q—L)/L, explicitly called a lower-bound-relative gap rather than an optimality gap. If
L=0, this ratio is undefined; for nonempty graphs, useful positive lower bounds are normally
available. A best-known heuristic value is not necessarily an optimum and must not be
substituted silently for y*.

Gap to known optimum (%) = 100 % (q — ¢*) / x* 9)

For stochastic methods, let q. denote the number of colors in independent run r and t; the
runtime under a clearly defined stopping rule. Report the number of instances, number of runs,
seed policy, best/median/mean and dispersion as appropriate, and any censoring at a time limit.
Since color counts are integer-valued and distributions can be skewed, the median and
interquartile range may be more informative than the mean and standard deviation. Confidence
intervals require a stated sampling unit and a justified method; repeated seeds on a single graph
do not turn one graph into many independent graph instances.

3.5 Proof certificates and algorithm outputs

A coloring certificate consists of a vertex-to-color assignment and the graph edge list. A verifier
checks that every vertex has exactly one assigned label and that no edge has equal endpoint
labels. Given adjacency lists, the check takes O(n+m) time, and successful verification
establishes an upper bound x(G)<q, where q is the number of distinct labels used. A clique
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certificate is a set of pairwise adjacent vertices; checking it takes O(r?) by direct pair tests or
O(r+m) with suitable data structures. Together, a g-coloring and a clique of size q prove
1(G)=q. When the best lower bound is smaller than q, the result remains an interval rather than
an exact answer.

Exact solvers can return more than a coloring. A proof of optimality requires a feasible upper
bound q and a certified lower bound g, or a verifiable proof log establishing that all smaller
possibilities were eliminated. Solver status strings such as “optimal” are useful but depend on
correct model construction and software execution. For high-assurance work, preserve model
files, solver logs, versions, parameter settings, and any available independently checkable
certificates. A reported runtime without status and bound information is incomplete when the
research question concerns exactness.

Heuristics should also be validated independently of their internal bookkeeping. Bugs in
incremental conflict counts, color-class updates, or graph parsing can produce invalid
assignments or understated objective values. The evaluator should recompute the number of
colors and conflicts directly from the original graph, not trust a cached counter maintained by
the algorithm. A graph parser should reject malformed edges, self-loops if the model is simple,
duplicate vertices, and inconsistent n or m metadata; if preprocessing removes isolated vertices
or components, the transformation and reconstruction should be documented.

The distinction between feasible evidence and optimality evidence is central to responsible
reporting. A validated g-coloring is a constructive witness. A lower bound L is a proof that
fewer than L colors cannot suffice. An exact answer is available when L=q. If L<q, the interval
[L,q] accurately describes current evidence. When q is best-known rather than optimal, use that
wording consistently in tables, abstracts, and conclusions. A later improvement in the literature
can change best-known values without changing the validity of a previously verified coloring.

4. Algorithms and Complexity

4.1 Sequential greedy and Welsh—Powell

Sequential greedy requires an explicit ordering . For each vertex in o, it assigns the smallest
positive integer not already assigned to a colored neighbor. A correct implementation may
store, for each vertex, a set or mark array of forbidden colors and update it from incident edges.
With adjacency lists and a suitable reusable mark array, the coloring pass can be implemented
in O(n+m) time up to color-management overhead; using a naive set construction or scanning
all existing colors may cost more. Space is O(n+m) for the graph and color assignment.

The Welsh—Powell procedure first sorts vertices in nonincreasing degree and then colors
sequentially. Comparison sorting costs O(n log n), while coloring costs depend on
representation and implementation, often O(n+m) under suitable adjacency structures. The
order is a heuristic choice: degree sorting may help but does not guarantee optimality. A
deterministic tie-breaking rule, such as vertex identifier, is needed for reproducibility.
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Input: Graph G = (V, E) The ordering vy, v,, ..., v, is part
and a fixed vertex ordering vy, v,, ..., v, i of the algorithm specification. |
Initialize: Input graph with vertex order
All vertices uncolored
Colorset C={1,2,...}

: o,

Process vertices in the given order
fori=1ton (vertex v;)

Assign to v; the smallest color ° e

in C that is not used by its ‘
already colored neighbors

Greedy coloring result (example)

All vertices
processed?

Output: A proper coloring of G
using the greedy algorithm

Figure 4. Greedy coloring flow. The ordering is part of the algorithm specification.

4.2 DSATUR

For an uncolored vertex v, define its saturation degree as the number of distinct colors
appearing on already colored neighbors: sat(v)=|{c(u):u€N(v), u already colored}|. DSATUR
repeatedly selects an uncolored vertex with maximum saturation, commonly breaking ties by
maximum degree and then a fixed identifier. It colors the selected vertex with the smallest
feasible color and updates the saturation sets of its uncolored neighbors.

sat(v) = |{ c(u) : ueN(v), u is colored }| (10)

A straightforward implementation that scans all uncolored vertices at each iteration and
recomputes saturation information can take O(n*+m) or worse depending on the set operations.
Priority queues and incremental color-set updates improve selection costs, but lazy invalidation
and ties require careful bookkeeping. A commonly quoted O((n+m) log n) bound applies only
to a specific implementation model and should not be asserted for DSATUR in general without
stating data structures and update costs. In exact branch-and-bound variants, DSATUR is a
branching rule, and total search time is exponential in the worst case.
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Step 1 Step 2 Step 3 Step 4
(Initial) (After coloring V1) (After coloring v;) (After coloring v3)

a.e e&o @ge a.e

| Vertex sat(v) Vertex sat(v)4| Vertex sat(v) Vertex | sat(v)
| w | © v 0 | 12 1 Vi |
| v2 0 123 i V2 0 123 ‘ it |
| v 0 vi | 0 | [ v 1 vi | 0 |
| vg 0 V4 0 T ‘ V4 0 V4 1
Vs 0 Vs 1 Vs 1 Vs 1
Aft lori ith i i i i
All vertices are uncolored, SOCOORIE 1! After coloring v, with After coloring v3 with
color 1, its neighbors v, color 2, vertex v3 now has color 3, vertices v4 and vs
so sat(v) = 0 for all. Bl —i x
EhiooRsi+{tiés bidken and vs have S{"(O =1. sat(v) = 1 (neighbor vy). have sat(v) = 1.
o5 pihi heSt ddtne) Choose one with highest Choose a highest-saturation Continue by selecting a
L saturation (e.g., v2). vertex (e.g., v3). highest-saturation vertex.

S A, —

Figure 5. DSATUR selection depends on the evolving partial coloring.

DSATUR is a constructive heuristic when it returns a coloring from its greedy selection
process. If combined with branch-and-bound, it can participate in an exact method that proves
optimality. The same name therefore may describe different algorithmic roles. Reports should
state whether backtracking occurs and whether an optimality proof was produced.

4.3 Exact optimization and certificates

Exact branch-and-bound starts from a feasible incumbent, computes lower bounds for
subproblems, branches, and prunes any branch unable to improve the incumbent. A clique is
an immediate lower bound. Stronger bounds may come from fractional relaxations or problem-
specific structure. An exact result should include solver status and, where possible, a proof
certificate or a reproducible solver log. Time-limited exact search may return a feasible upper
bound and a lower bound without closing the gap; this is useful evidence but not an optimal
solution.

The ILP formulation in Section 3 can be solved with general-purpose mixed-integer solvers. A
rigorous experiment should report solver name and version, all options that affect search,
presolve and symmetry handling, machine information, wall-clock or CPU-time definition,
time and memory limits, and whether the solver terminated optimally. A statement that exact
algorithms were “limited to n<100” should be understood as a chosen study cutoff only if that
cutoff was actually used and documented; it is not a universal complexity threshold.

4.4 Tabu search

A standard fixed-k tabu search begins with an assignment of vertices to k classes, possibly
containing conflicts. It evaluates conflicting edges, considers moving a conflicted vertex to
another class, and selects the best allowed move according to a deterministic or randomized tie
rule. A tabu tenure prevents recently reversed assignments; aspiration can override the
restriction when a move improves the best solution. If a zero-conflict state is found, it certifies
k-colorability. If not, the run ends without proving infeasibility at k.

A meaningful complexity estimate must identify the neighborhood. If every conflicted vertex
may move to each of k—1 other colors, the nominal neighborhood can be O(nk), but an
implementation often evaluates only feasible or conflict-relevant moves and caches conflict
counts. One iteration can then cost substantially less than rescanning every edge, or more if
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full recomputation is used. The source draft’s fixed tenure rule t=0.6n is not a general theorem
and should not be presented as a universal parameter; tenure is an algorithm parameter to tune
or report.

4.5 Genetic and hybrid evolutionary algorithms

A genetic approach requires an explicit encoding. In a vertex-to-color encoding, the
chromosome stores one label per vertex and the fitness may penalize monochromatic edges. In
a partition encoding, each chromosome is a partition into color classes, which can simplify
feasibility but complicate crossover. Common operators include tournament or rank selection,
partition-aware recombination, mutation, and local improvement. An objective that rewards
fewer conflicts alone may not distinguish assignments well when the fixed color count changes;
lexicographic or two-stage objectives can handle validity and color count explicitly.

If population size is P, the number of generations is G, and one fitness evaluation scans all m
edges, the evaluation component alone is O(PGm). This is not the full complexity: crossover,
mutation, local search, and data structures add costs. Any claimed runtime or complexity
should state whether it is per generation, per run, or total. Hybrid methods can be effective
because global recombination and local refinement explore different structures, but their

performance must be established on specified instances rather than inferred from the algorithm
label.

1. Initial solution
(constructive heuristic or random)

2. Evaluate solution
(check feasibility and
objective value)

{} / Repeat gL

5. Termination check until stopping
(stopping condition) condition

6. Output solution
(best coloring found)

« Proper coloring?

« Number of colors

« Other criteria
(e.g., penalites)

3. Generate neighbor
(modify current solution)

5P|
S

Figure 6. Conceptual search cycle. The diagram is methodological, not a claim of measured
performance.

» Maximum iterations

» No improvement

« Time limit

« Target quality reached

4. Move / Accept
(accept or reject based on strategy)

« Improvement (better solution)

« Accept non-improving (e.g., tabu,
annealing, or evolutionary rule)

« Update current and best solution

4.6 Summary comparison

Table 1. Algorithm families, guarantees, and reporting requirements

Method Class What it returns / Main costs and
guarantees caveats
Constructive Valid coloring; at Order-sensitive;
Greedy heuristic most A+1 colors typically near-lincar

with adjacency lists

Welsh—Powell

Degree-ordered
heuristic

Valid coloring; no
optimality guarantee

Sorting plus
coloring; tie rule
must be fixed
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Dynamic Valid coloring; no Selection/update
DSATUR heuristic constructive general optimality costs depend on
heuristic guarantee implementation
DSATUR + branch- Optimality if search Exp 'onentlal worst
Exact search case; report bounds
and-bound closes the proof gap

and termination

ILP / exact solver

Exact optimization

Optimality when
solver proves it

Model size
O(nK+mK); solving
1s NP-hard

Tabu search

Local-search

Zero-conflict
assignment certifies

Failure under a
budget proves no

metaheuristic k-colorability infeasibility
Encoding and
) . Population Best candidate found operators define
Genetic / hybrid metaheuristic within budget behavior; no

universal bound

5. Research Methodology and Reproducible Experimental Design

5.1 Design principles

The source manuscript does not contain enough information to reconstruct an experiment. The
protocol below is therefore a design for a future study, not a report of completed tests. A
comparison should separate two tasks: (a) evaluate constructive coloring quality at a fixed
computational budget; and (b) evaluate exact proof capability, including lower-bound progress
and optimality certification. Mixing these tasks in one ranking can obscure meaningful
differences.

Use public instances with known provenance, such as graph-coloring collections associated
with the DIMACS challenge, and include multiple families: random graphs, structured
benchmark graphs, and application-derived instances where licensing and documentation
permit. Record each instance’s filename, checksum, source URL, n, m, density, directedness
conversion, and any preprocessing. Benchmark sets should not be selected after observing
algorithm performance. Publicly available instances support independent replication and
comparison with prior studies [17], [18].

For generated graphs, specify the exact model and parameters. In an Erdés—Rényi G(n,p)
model, every unordered pair is independently included with probability p, with expected edge
count p-n(n—1)/2. A preferential-attachment model is generated by a different process and tends
to produce a degree distribution unlike G(n,p); calling one model “dense random graphs” and
another “preferential attachment” does not define an equivalent density comparison. Describe
the generator, its parameters, and random seed. Scheduling graphs should be generated from
explicit event-conflict rules, not only labeled “structured.”

5.2 Algorithms, environment, and budgets

Implementations must be identified by source repository and commit or release version. For
each algorithm, publish pseudocode or configuration, tie-breaking policy, initial solution
procedure, parameters, stopping conditions, and random seed. The same hardware,
compiler/interpreter, operating system, and resource limits should be used where feasible.
Report whether time means CPU time or wall-clock time, whether preprocessing is included,
and how parallel threads are controlled. Use an independent validation routine that checks all
m edges after every returned assignment.

A fair heuristic comparison can allocate the same wall-clock budget per instance or the same
number of objective evaluations, provided the choice reflects the intended use. Both metrics
may be reported because algorithms differ in the cost of one move. For randomized algorithms,
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run independent seeds for every instance, predeclare the number of runs, and report failures
and timeouts. Exact solvers should share a time and memory limit; publish both their incumbent
coloring and certified lower bound if they do not prove optimality.

5.3 Instances, metrics, and statistics

The primary quality metric is ¢, the number of colors in a validated proper coloring. Runtime
is measured under the declared execution environment. Validity rate is the proportion of runs
that return a proper coloring before the limit. For exact methods, report best upper bound U,
certified lower bound L, solver status, and whether U=L. If * is proven, report q—y* and the
relative gap. If not, report the interval [L,U] and do not call a heuristic’s best-known q an
optimum.

Graph density for a simple undirected graph with n>2 is p=2m/[n(n—1)]. It is a descriptive
property, not a complete predictor of difficulty: graphs with equal density can differ in clique
structure, degree distribution, degeneracy, community structure, and symmetry. Report these
characteristics when they inform interpretation. For benchmark graphs with a known optimum,
cite the source that certifies it; otherwise report the best known lower and upper bounds
together with retrieval date.

p(G)=2m/ [n(n—1)] (11)

For each instance, report the distribution across independent algorithm runs. Across instances,
use paired comparisons because algorithms are tested on the same graph set. Consider medians,
interquartile ranges, bootstrap confidence intervals over instances, and paired nonparametric
tests when assumptions justify them. Adjust for multiple comparisons if making many pairwise
claims. Statistical significance does not by itself imply practical importance; report effect sizes
and absolute color differences. Avoid pooling all run-level observations as if they were
independent when they share the same graph.

Archive raw outcomes in a machine-readable file with columns for instance, graph family, n,
m, density, algorithm, version, seed, run index, runtime, number of colors, conflicts, lower
bound, upper bound, status, and error message. Release scripts for parsing, validation,
aggregation, and figure generation. Record all exclusions and unsuccessful runs. These
measures make it possible to reproduce the analysis rather than only the headline table.
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Figure 7. Reproducible evaluation workflow. Every stage should leave a traceable artifact.

6. Results and Quantitative Audit

6.1 Evidence available in the source manuscript

The source draft reports one table for a dense graph described as n=500 and p=0.5. It lists
average color counts of 38, 34, 31, 29, and 28 for greedy, Welsh—Powell, DSATUR, a genetic
algorithm, and tabu search, respectively, with runtimes and gaps. The file does not identify the
actual edge list or generator seed, number of instances, number of independent runs, software
versions, hardware, timing method, tabu or genetic parameters, or source of the optimal
chromatic number. No raw trial-level observations or code are included. The table therefore
cannot be independently recomputed or verified.

The reported gap values also cannot be validated from the table alone. If 28 colors is treated as
a candidate best solution and a listed gap is meant to be relative to the unknown optimum, then
the denominator is missing. In addition, g—* divided by y* cannot be calculated unless y* is
known or certified. “Average colors” and a single gap percentage require a definition of
averaging and aggregation; averaging per-run relative gaps is not generally equal to computing
a gap from average color counts.

The text also claims that exact algorithms determined optima for small graphs, that particular
heuristics fell within percentage bands, and that algorithms were tested through n=1000. These
claims are not supported by instance files, logs, raw outcomes, or implementation details in the
provided manuscript. They are removed as findings and listed as unresolved verification
requirements. The draft’s statements that Tabu Search was fastest or best, and that results
“prove” Brooks’ theorem, are not supported and are mathematically inappropriate: experiments
cannot prove a universal theorem.
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Table 2. Audit of the source draft’s performance claims

Source claim

Evidence supplied

Revision treatment

n=500, p=0.5 table with five
methods

Summary values only; no
graph, seeds, logs, or code

Excluded from empirical
findings; preserve in audit
log only

Optimality gaps of 22%,
14%, 6%, 3%, 1-2%

No certified y* or lower
bound; formula formatting

Not recalculated; gap is
undefined from supplied

ambiguous evidence
Small-instance optimality No instance list or trial Marked unverified; requires
and percentage bands outcomes exact solver records

Tests up to n=1000 and

No code, hardware, timing
method, or results per

Removed as demonstrated
result; can be tested under

runtime statements :
mstance

No paired results,
uncertainty, or fair-budget
description

Section 5

Tabu Search universally best
/ fastest

Replaced by conditional
methodological discussion

6.2 Analytical examples (not experiments)

To demonstrate a verifiable bound, consider the cycle Cs. It has n=5, m=5, A=2, ®=2, and 0=2.
The lower bound from independence is [5/2]=3, while the generic greedy upper bound is
A+1=3. Since the bounds coincide, ¥(Cs)=3. This is a hand-derived mathematical example, not
a measurement of an algorithm’s runtime.

For the source draft’s five-vertex example with edges {a,b}, {a,c}, {b,c}, {b,d}, {c.e}, {d,e},
the triangle {a,b,c} gives ¥>3. Under the order (a,b,c,d,e), greedy assigns colors 1,2,3,1,2, so
the coloring uses three colors and is optimal because the lower bound is also three. The
numerical result can be verified directly from the listed graph and order; it does not support
broader performance estimates.

The formula for the density of a simple undirected graph at n=500 and p=0.5 yields an expected
edge count of 0.5x500%499/2 = 62,375 under G(500,0.5). This is an expectation, not the exact
edge count of an unspecified sampled graph. A single random graph’s realized m must be
reported before its exact density can be computed. This distinction illustrates why “n=500,
p=0.5" is not enough to reproduce an instance.

6.3 Theory-only scalability illustration

Figure 8 plots normalized asymptotic growth functions for O(n), O(n?), and O(n?). The curves
illustrate growth-rate differences only: axes are normalized for visual comparison and do not
represent measured runtimes, operation counts for a particular implementation, or fitted data.
No empirical performance chart is provided because the source values lack provenance and the
manuscript contains no raw results. Adding a bar chart of those values would convert unverified
claims into a persuasive but unsupported visual.
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Figure 8. Normalized asymptotic growth curves. These are theoretical illustrations, not
runtime measurements.

7. Discussion and Practical Applications

7.1 Interpreting algorithmic trade-offs

Constructive heuristics are attractive when a valid coloring is needed quickly. They provide a
certificate of feasibility and an upper bound but usually no proof of optimality. Degree
orderings and saturation-based selection use local structure to avoid some poor fixed orders;
their benefit is instance dependent. Exact algorithms are appropriate when proof of optimality
or infeasibility matters and the instance is tractable under available resources. Metaheuristics
can search for smaller colorings under fixed budgets but do not provide general certificates
when they fail to find a solution.

The appropriate method depends on the decision context. A small coloring improvement may
be valuable if each color corresponds to a costly resource, while a rapid valid assignment may
be sufficient in a daily scheduling process. If colors have unequal costs, capacities, or
preference penalties, minimizing x(G) alone may be the wrong model. The objective may need
weighted colors, balance constraints, or soft penalties; those extensions alter both the
formulation and guarantees.

Graph size alone is not a reliable indicator of difficulty. Density, clique number, degeneracy,
degree distribution, symmetry, and benchmark family can influence algorithm behavior.
Runtime comparisons should not attribute a difference to algorithm quality if one
implementation uses a more efficient data structure or a different stopping budget. Claims
about “better scalability” require measurements over stated instance families plus complexity
analysis; asymptotic bounds by themselves do not establish practical speed.

7.2 Application modeling

In examination timetabling, each exam is a vertex and an edge joins two exams with at least
one student in common. A proper coloring assigns conflict-free time slots. Real timetabling
commonly adds room capacities, exam-duration constraints, student preferences, spacing rules,
and penalties for inconvenient schedules. Those constraints are not represented by ordinary
coloring and may require weighted or multiobjective models. The graph-coloring abstraction
is most useful as a core subproblem or a first feasibility model [11], [12].
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In frequency assignment, vertices can represent transmitters and edges indicate pairs that
cannot share a frequency under the chosen interference threshold. Some systems require
frequency separation that grows with interference or distance; this is a T-coloring or channel-
assignment variant, not plain vertex coloring. The model must disclose how interference is
measured and whether constraints are binary or distance-based [19].

In compiler register allocation, an interference graph connects variables whose live ranges
overlap. Colors represent machine registers. If the graph cannot be colored with the available
register count, spilling moves some values to memory, introducing execution costs. Thus the
practical problem is not always to minimize the number of colors alone; spill cost, register
classes, calling conventions, and instruction constraints matter [20].

Other scheduling and resource-allocation problems can use the same abstraction when
incompatibilities are pairwise and resources are interchangeable. If resources differ, if
constraints are higher order, or if assignments have temporal dependencies, a plain graph may
omit material structure. Model validation should precede algorithm selection: a precisely
solved wrong model is still a poor schedule.

7.3 Limits on conclusions

This manuscript supports conclusions about definitions, elementary bounds, theorem
statements, algorithmic mechanisms, and evidence requirements. It does not support a
conclusion that DSATUR is best for medium instances, that Tabu Search is the fastest method,
or that any reported percentage gap holds across a graph family. Those conclusions require the
experiments specified in Section 5. Published studies can inform algorithm design, but their
numerical results should not be transferred to the source manuscript as if they were new
measurements.

The literature itself spans variants and implementations. Comparing a modern hybrid algorithm
with a basic greedy implementation on different hardware or different benchmark files would
not isolate algorithmic effects. A fair study must describe the experimental unit, benchmark
selection, computational budget, implementation provenance, and statistical analysis.
Independent reproduction and artifact release are particularly important for randomized
methods.

8. Limitations and Future Research

The principal limitation is that no underlying experimental data were supplied with the source
document. The original empirical claims cannot be confirmed, recalculated, or repaired by
editing prose. The revised manuscript therefore replaces empirical conclusions with a
transparent protocol and with small hand-checkable examples. The absence of experiments is
not evidence that the original values are false; it means their truth cannot be established from
the provided materials.

A first future step is to rerun the comparison on public benchmark instances using archived
code, fixed versions, and a preregistered evaluation plan. It should include several graph
families and sizes, independent seeds, equalized budgets, edge-by-edge validity checks,
certified lower bounds, and raw data. An accompanying artifact should contain graph
checksums, environment metadata, scripts, and logs. Results should distinguish an optimum
from the strongest known bound at the time of the study.

Hybrid algorithms offer a reasonable research direction because construction, population
search, and local refinement can complement each other. A study should compare the hybrid
not only with older baselines but also with strong modern implementations under equal
budgets. Ablation experiments can isolate the contribution of recombination, tabu search, and
initialization. Such a proposal is a research question, not evidence that a hybrid will outperform
all alternatives.

Parallel and GPU-assisted coloring raise questions about synchronization, color conflicts, load
balancing, and deterministic output. A parallel algorithm may reduce wall-clock time while
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producing more colors, so quality and runtime must be reported jointly. Streaming and online
settings require updates as vertices or edges arrive; static algorithms may need repair or
recoloring policies. Machine-learning-assisted ordering can be evaluated for transfer across
graph families, but data leakage and distribution shift require explicit controls.

Quantum approximate optimization algorithms have been applied experimentally to
combinatorial optimization formulations, including graph coloring, but no general super-
polynomial speedup should be claimed without a proven complexity result. Future work should
compare encodings, penalty design, embedding overhead, noise, solution validity, and classical
baselines. Practical quantum advantage remains an empirical and theoretical question.
Finally, model extensions deserve attention. List coloring allows a different set of permissible
colors per vertex. Equitable coloring constrains class sizes. Weighted coloring assigns costs to
color classes. Robust scheduling handles uncertain or changing conflicts. Each extension
changes the feasible region and may invalidate guarantees from ordinary coloring; theorem
statements must be rechecked in the relevant model.

9. Conclusion

This revised manuscript establishes a corrected foundation for graph vertex coloring and
distinguishes mathematical guarantees from heuristic outcomes. It defines proper coloring and
chromatic number, derives clique and independence lower bounds and the A+1 greedy upper
bound, states Brooks’ theorem with its connectedness and exception conditions, and separates
vertex coloring from edge coloring. It also explains the role and limitations of greedy, Welsh—
Powell, DSATUR, exact optimization, tabu search, and evolutionary methods.

The source draft’s numerical performance table, optimality gaps, runtime statements, and
claims of algorithmic superiority could not be independently verified because the manuscript
did not include instance files, seeds, software and hardware details, parameters, raw outcomes,
or certified optimal values. They are therefore not presented as findings. The paper supplies a
reproducible protocol that can support a future empirical study and keeps hand-calculated
examples explicitly separate from experimental evidence.

The defensible conclusion is methodological: graph-coloring algorithms should be compared
with validated solutions, stated computational budgets, traceable instances, and bound-aware
metrics. No single heuristic can be declared universally best from the available evidence. Once
the missing artifacts are recovered or the experiments are rerun, quantitative conclusions can
be added with appropriate uncertainty and scope.
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